We investigate multipartite entanglement in rings of arbitrary spins with antiferromagnetic interactions between nearest neighbors. In particular, we show that the non-degenerate ground state of rings formed by an even number (N ) of spins is N -partite entangled, and exchange energy can thus be used as a multipartite-entanglement witness. We develop a general approach to compute the energy minima corresponding to biseparable states, and provide numerical results for a representative set of systems. Despite its global character, exchange energy also allows a spin-selective characterization of entanglement. In particular, in the presence of a magnetic defect, one can derive separability criteria for each individual spin, and use exchange energy for detecting entanglement between this and all the other spins.
We investigate multipartite entanglement in rings of arbitrary spins with antiferromagnetic interactions between nearest neighbors. In particular, we show that the non-degenerate ground state of rings formed by an even number (N ) of spins is N -partite entangled, and exchange energy can thus be used as a multipartite-entanglement witness. We develop a general approach to compute the energy minima corresponding to biseparable states, and provide numerical results for a representative set of systems. Despite its global character, exchange energy also allows a spin-selective characterization of entanglement. In particular, in the presence of a magnetic defect, one can derive separability criteria for each individual spin, and use exchange energy for detecting entanglement between this and all the other spins. Entanglement is a peculiar feature of composite quantum systems and has been recognized as a key resource in many fields of quantum technology [1, 2] . In particular, the generation and detection of multipartite entanglement (ME) has been recently obtained in diverse physical systems [3] [4] [5] [6] [7] [8] [9] . Besides their fundamental interest, multipartite entangled states have important applications in quantum computation [10, 11] and in quantum metrology, where they allow one to reach high sensitivities, beyond the standard quantum limit [12] [13] [14] [15] . More generally, ME can also be found in the ground and thermal states of prototypical many-body systems, such as spin systems with isotropic, XY and noncollinear Ising interactions [16] [17] [18] [19] [20] .
A practical tool for detecting (multipartite) entanglement is represented by entanglement witnesses [21, 22] . Such operators are defined such that their expectation value can exceed a given threshold only in the presence of some specific form of entanglement [23] [24] [25] [26] [27] . As the knowledge of the state is not required in this approach, entanglement witnesses are especially convenient with condensed matter systems, where such knowledge is in general unattainable, due to the large number of degrees of freedom [28, 29] . In spin systems, routinely measured thermodynamic quantities -such as the magnetic susceptibility [30] , inelastic neutron scattering [31] , and exchange energy [32, 33] -correspond to witnesses for spin-pair entanglement. Thus, the experimental detection of entanglement is allowed even in systems where local constituents cannot be locally addressed. Along the same lines, spin squeezing inequalities allow the detection of multipartite entanglement in the vicinity of specific states, through the measurement of collective spin operators [34] [35] [36] [37] .
Exchange energy also represents a witness for block [38] and multipartite entanglement [39, 40] . In particular, it was shown that the ground state of an even-N spin chain, with nearest neighboring Heisenberg interactions, cannot be written in any biseparable form, and is thus N -partite entangled [41] . This general property allows the use of exchange energy for the detection of N -partite entanglement. Its presence can in fact be inferred from any expectation value of the exchange Hamiltonian that falls in the range between the ground state energy (E 0 ) and the lowest value achievable by a biseparable state (E bs ). In the present paper, we show that such approach can also be applied to spin rings. Besides their interest as prototypical models of highly entangled quantum systems [42, 43] , spin rings have found a large number of physical implementations in molecular magnetism [44] . Amongst various rings of antiferromagnetically-coupled transition-metal ions, a particular attention was devoted in the last years to the more restricted class of Cr-based systems [45] . Here, the ability of tailoring the physical properties at the synthetic level also results in the possibility of engineering the entanglement features [46] [47] [48] .
In order to enable the detection of multipartite entanglement in molecular spin clusters, we develop a flexible approach, which applies to systems of arbitrary spin. This allows us to compute the minimum energy attainable by a biseparable state (E bs ) in a variety of spin rings. In particular, for any given partition of the ring in two complementary subsystems (hereafter labeled A and B), E bs is found as a self-consistent solution of two spin-chain Hamiltonians, one for each of the subsystems. The coupling between the uncorrelated spins at the boundaries of A and B is described in terms of an effective, local magnetic field. Even though the parameter space is significantly larger than in the case of spin chains, we show that it can be partially reduced on the basis of intuitive arguments, whose validity is numerically verified in a number of test cases. Finally, we show that the overall exchange energy can be used in systems formed by inequivalent spins (such as spin chains or rings with magnetic defects) in order to detect the presence of entanglement between each spin in the system and all the others. Therefore, quite remarkably, a collective observable enables a spinselective investigation of entanglement in the system. The paper is organized as follows. Section I is dedicated to the use of exchange energy as a multipartite entanglement witness. We first demonstrate that the ground state of an even-N spin ring is N -partite entangled (Sec. I A). We then calculate the energy minima for biseparable states, in the specific case of N = 8 and for different spin lengths s = 1/2, 1, 3/2 (Sec. I B). In Sec. II we consider inhomogeneous systems, where exchange energy can be used as a probe of local properties. We specifically refer to a class of heterometallic molecular nanomagnets, namely the Cr-based rings with different chemical substitutions.
I. ENERGY AS A WITNESS OF MULTIPARTITE ENTANGLEMENT
In the present Section, we demonstrate that the ground state |Ψ 0 of an N -spin ring (for even N ), with exchange coupling between nearest neighbors, is N -partite entangled. In other words, such ground state cannot be written in any biseparable form |Ψ 0 = |Ψ A ⊗ |Ψ B , with A and B any two complementary subsystems. This property, along with the fact that the ground state is nondegenerate, always allows the detection of multipartite entanglement in these systems. In particular, the presence of such entanglement can be deduced from expectation values of the exchange energy lower than given thresholds. A general approach for numerically calculating such thresholds is derived in the second part of the Section.
A. Multipartite entanglement in the ground state of spin rings
Theorem. -The ground state |Ψ 0 of the spin Hamiltonian H = N i=1 s i ·s i+1 , with even N , cannot be written in any biseparable form |Ψ bs = |Ψ A ⊗ |Ψ B , and is thus N -partite entangled.
Proof. -The first two steps of the demonstration, which we recall hereafter for completeness, coincide with the ones that apply to the spin chains [41] . According to Marshall's theorem, |Ψ 0 is a non-degenerate S = 0 state [49] .
A biseparable state |Ψ bs can only be in a singlet state (S = 0) if the same applies to each of the subsystems A and B (S A = S B = 0). In fact, if one writes |Ψ χ (χ = A, B) as a linear superposition of eigenstates of
As a final step, we prove that the state |Ψ A ⊗ |Ψ B , with S A = S B = 0, cannot be the ground state of H. The relevant case is that where A consists of the N A consecutive spins s 1 , s 2 , . . . , s NA , and B of the and N B = N − N A spins s NA+1 , s NA+2 , . . . , s N . We write the spin Hamiltonian of the ring as the sum of three terms:
In the partial spin sum basis [50] , the state of A reads:
where α denotes the quantum numbers S 1 , . . . S NA−3 corresponding to the partial spin sums S k ≡ k+1 i=2 s k , whereas x A = S NA−2 and y A = S NA−1 correspond to the partial spin sums S NA−2 ≡ S NA−3 + s NA−2 and S NA−1 ≡ S NA−2 + s 1 ; the last spin to be summed in this coupling scheme is thus S NA = S A − S NA−1 . The equation S A = 0 implies that S NA−1 = s. The same applies to the subsystem B, where the the spins at the boundary are summed last, and the state is expressed as:
where β denotes the quantum numbers S 1 , . . . S NB −3 corresponding to the partial spin sums S k ≡ NA+1+k i=NA+2 s k , whereas x B = S NB −2 and y B = S NB−1 correspond to the partial spin sums S NB−2 ≡ S NB −3 + s N −2 and S NB −1 ≡ S NB−2 + s N ; the last spin to be summed in this coupling scheme is thus S NA+1 = S B − S NB −1 .
In order to demonstrate that |Ψ A ⊗ |Ψ B cannot be an eigenstate of H, we prove that H|Ψ bs has a finite component |Ψ 
The evaluation of |Ψ ⊥,2 bs is less straightforward. In order to simplify the calculation, we switch to a basis where the two spins at the boundary of each subsystem are summed in a reversed order with respect to the above coupling scheme:
Here, α and x A have the same meaning as above, whereas y ′ A = S ′ NA−1 corresponds to the partial spin sum S ′ NA−1 ≡ S NA−2 + s NA ; the last spin of A to be summed in this coupling scheme is thus s 1 . The sign factor in the expression of |Ψ A comes from the scalar product:
The same applies to B: (Eq. 4). In particular, we need to estimate its component along the y A = y B = s subspace, to which |Ψ ⊥,1 bs belongs. The scalar product that allows to switch from one basis to the other within the relevant subspace is:
This results in the following expression:
The factor f is given by the expression:
where the first, constant term comes from |Ψ ⊥,1 bs (see Eq. 4). In order to show that |Ψ ⊥ bs has a finite norm, it suffices to show that this is the case for its projection in the y A = y B = s subspace. We note that at least one of the products D α,xA,s D β,xB,s has to be finite, otherwise the norm of |Ψ bs would vanish. Besides, one can show that for all the relevant values of x A and x B , namely 0 ≤ x A , x B ≤ 2s, the function f (x A , x B ) is non-zero, i.e. the second term in Eq. 9 differs from −1. In fact, for x A = x B = 0 the terms in square brackets reduce to 1, and f = 2. For all the other values of (x A , x B ), the modulus of the second term in f is smaller than 1, and thus f = 0. This implies that |Ψ 
B. Energy minima for biseparable states
In systems formed by N exchange-coupled spins, H = N −1 i=1 s i · s i+1 , energy allows the detection of genuine multipartite entanglement [41] . This can be done by deriving the energy minimum E bs for biseparable states, |Ψ bs = |Ψ A ⊗ |Ψ B , where A and B are two subsystems into which the chain is partitioned. Here, any state |Ψ that violates the inequality:
is N -partite entangled. The first step in the derivation of the above minimum, is the calculation of the minimum E bs (N A A (B) . The lower bound in Eq. 4 is the lowest such minima:
For any given value of N A , the Hamiltonian can be written as H = H A + H B + H AB , where:
The corresponding expectation value for a factorized state |Ψ bs = |Ψ A ⊗ |Ψ B reads:
It can be shown that the minimum E bs (N A , N B ) corresponds to the case where the expectation values of s NA and s NA+1 are antiparallel to each other [41] . This simplifies the search of the minimum as the (lowest) selfconsistent solution of the two coupled eigenvalue problems, related to the Hamiltonians:
where z A ≡ s z,NA and z B ≡ s z,NA+1 are the expectation values corresponding to the ground states ofH A andH B , respectively [41] . Hereafter, we apply the same procedure to the case of N exchange-coupled spin rings, H = N i=1 s i · s i+1 (with s N +1 ≡ s 1 ). Unlike the case of spin chains, the subsystems A and B are coupled to each other through two spin pairs. Therefore, while Eq. 6 applies to the present case as is, Eq. 7 is replaced by:
The two coupled Hamiltonians in Eq. 9 are correspondingly replaced by: 
This allows one to reduce the dimensionality of the parameter space where to seek self-consistent solutions.
In particular, the set of relevant parameters reduces to 
Comparison with not (anti)symmetric subsystem boundary conditions
In order to support the above conjecture, we consider, in a number of prototypical spin systems, states that don't fulfil the conditions reported in Eq. 12. In this case, the boundary spins of each subsystem differ from one another either in modulus:
or in orientation:
or in both respects (with α = A, B).
Within an iterative procedure, given the expectation values of s NA+1 and s N (z B and z 
If |Ψ A ⊗ |Ψ B coincides with a self-consistent solution,
Our purpose is to show that the above conditions are not fulfilled by states |Ψ A ⊗ |Ψ B that violate Eq. 12. Let's start by considering the case where the N -spin ring is partitioned into two odd-numbered spin segments A and B. Here, the above statement follows from the fact that the angle between the expectation values of the boundary spins tends to be smaller than that between the spins with which they interact. As a consequence, for any finite value of θ B , one has that:
This is shown in Fig. 1(a) , for the case of a three-spin segment, formed by 1/2 spins. The value ofθ A − θ B depends on the initial difference between the moduli of the boundary spins (Z B ), and tends to increase with increasing Z B . However, in all the considered cases, the only exception to the caseθ A < θ B is found for parallel spins (θ A = θ B = 0). Within such states, we note that the difference in moduli systematically decreases ( Fig. 1(c) ), which implies, for all finite values of Z B :
Therefore, the possibility of a self-consistent solution implies the conditionZ A = Z B = 0, as conjectured in Eq. 12.
In the case where the N -spin ring is partitioned into two even-numbered spin segments, the angle between the expectation values of the boundary spins tends to be larger than that between the spins with which they interact. As a consequence,
This is shown in Fig. 1(c) , for the case of a segment formed by four s = 1/2 spins. Also in this case, the value ofθ B − θ A depends monotonically on the initial difference between the moduli of the boundary spins (Z B ). The exceptions to the caseθ A > θ B are found both for parallel and antiparallel spins (θ A = θ B = 0, π). In the latter case ( Fig. 1(d) ), the inequalities Eq. 17 only admit the exceptionZ B = Z B = 0. A similar behavior is found in the former case (not shown). Also for partitions in even-numbered spin segments, self-consistent solution thus require the condition Eq. 12. These features persist for different lengths of the chains (Fig. 2 (a) ). Irrespective of the initial difference in moduli (Z B ), parallel-oriented boundary spins (θ B = 0) are the ones that can allow a self-consistent solution (θ A = θ B ) in the case of odd-numbered chains. Within the considered even-numbered chains, both the parallel and -with the exception of the 2-qubit subsystem -antiparallel orientations can allow a self-consistent solution. We note that, for any initial condition (z B , z ′ B ), the difference between θ B andθ A tends to decrease with increasing number of spins. In all the considered cases, only equal moduli (Z B = 0) and antiparallel orientations (θ B = π) provide a self-consistent solution of Eq. 11.
We finally consider the dependence on the length of the spins (Fig. 2 (b) ). The main features of even-numbered qubit chains are preserved when s > 1/2. Odd-numbered chains present instead a different behavior for integer and half-integer spins: in the former case, only parallel orientations of the boundary spins can allow a self-consistent solution, whereas in the latter case we find also θ B = π. In all cases, the condition Z B = 0 is required.
Energy minima for biseparable states
Having shown that the search of a self consistent solution can be restricted to boundary spins having the same modulus, and parallel or antiparallel orientation, we now seek the energy minima corresponding to biseparable states. In particular, we consider different bipartitions of a ring formed by N = 8 spins s, with s = 1/2, 1, 3/2. The corresponding energy minima are displayed in Fig.  3 . As in the spin chain [41] , the overall energy minimum 
II. ENERGY AS A WITNESS OF ENTANGLEMENT BETWEEN EACH SPIN AND REST OF THE RING
The rings considered so far are all formed by equivalent spins. Such equivalence breaks down if a magnetic defect (s M = s) is introduced in the ring, as is the case with heterometallic wheels. The spin chain can also be regarded as a particular example of this class of systems, corresponding to the case where the defect is spinless (s M = 0). Here, the expectation value of the exchange Hamiltonian averages over inequivalent contributions, and cannot provide information on the entanglement properties of each specific pair. The local access to single exchange operators is thus required in order to selectively detect entanglement between each given spin pair [47] .
Hereafter we show that, in spite of its nonlocal character, the witness H allows the selective detection of entanglement between each (inequivalent) spin and all the others. To this aim, we derive energy minima
corresponding to the absence of entanglement between any given spin s k and the rest of the system. The minimum E k bs thus refers to a particular bipartition of the system, where the subsystem A is formed uniquely by the k−th spin. Its value coincides with the ground state energy of
(where H B is given by Eq. 6), which corresponds to the Hamiltonian of an open spin chain with a magnetic field s k locally applied at the edge spins. The above value of z A results from the ground state ofH A = s z,k (z B + z ′ B ), which trivially corresponds to m k = s k , if the orientation ofẑ is defined such that z B + z ′ B < 0. In the following, we apply the above approach to a class of spin models, whose physical implementation is represented by the series of Cr 7 M molecular nanomagnets [51] . In these molecular spin clusters, the magnetic defect is represented by the metal M , which replaces one of the eight Cr ions in the parent Cr 8 molecule. In particular, the chemical substitutions are: M = Zn, Cu, Ni, Cr, Fe, and Mn. These ions carry spins: s M = 0, 1/2, 1, 3/2, 2, and 5/2, respectively. In all these nanomagnets, the dominant part of the spin Hamiltonian, to which we shall limit ourselves hereafter, is represented by isotropic exchange. Besides, the values of the exchange couplings are substantially identical for all the spin pairs, independently from the particular chemical substitution. The values of the minima E k bs for the different molecules, referred to the respective ground state energies E 0 , are reported in Fig. 4 . The quantity E k bs − E 0 can be interpreted as the minimum energy required to disentangle the k−th ion from the rest of the system, starting from its ground state. While such energetic cost is independent on the position of the spin in the Cr 8 case (black squares), it becomes spatially modulated as a result of the chemical substitution. The dependence of E k bs − E 0 on the spin defect s M is maximum for the substituted spin (k = 5) and for the neighboring ones (k = 4, 6). In particular, the value of E 5 bs − E 0 increases monotonically with the length of the spin defect, and so does the gap corresponding to the disentangling of its neighboring spins.
For the systems with s M < s Cr = 3/2, an expectation value of the exchange Hamiltonian that fulfills the inequality H < min k {E k bs } = E 5 bs implies that each of the spins is entangled with the rest of the system. Expectation values such that E 5 bs ≤ H < E 4 bs = E 6 bs allow one to draw the same conclusion for all the spins but s 5 . Analogously, larger and larger values of energy provide information on fewer and fewer spins, until no conclusion can be drawn for H ≥ max k {E k bs }. For the systems with s M > s Cr = 3/2, the ordering of the thresholds E k bs is approximately inverted, such that the presence of entanglement between s M and the rest of the spins can be detected in the largest energy and temperature ranges.
III. CONCLUSIONS
In conclusion, we have proved that the ground state of an N -spin ring, with antiferromagnetic exchange between nearest neighbors, is characterized by N -partite entanglement, and that such property is also present in the low-temperature equilibrium state. We have developed a general approach for deriving energy minima corresponding to biseparable states. These allows one to derive inequalities, whose violation enables the detection of multipartite entanglement. Along the same lines, we have shown that exchange energy can be used to infer the presence of entanglement between individual spins and the rest of the system. The related energy minima have been derived for a class of heterometallic, ring-shaped molecular nanomagnets.
